NOTES ON PROPOSITIONAL MODAL LOGIC

1. PRELIMINARIES

1.1. Axiomatization of Propositional Logic. Axiomatic proof systems provide a simple,
elegant representation of everything that a logic has to say about validity. To provide an
axiomatic system for propositional logic, we may introduce the following as axioms:

P—(Q—P) (A1)
(P—(Q—R))— ((P—Q)— (P—>R)) (A2)
(~Q—=~P) = ((~Q—=P) = Q) (A3)

To accept these as axioms means that, at any point in an axiomatic proof, you may write
down (A1), (A2), or (A3).

And we introduce the following rules of inference:

Uniform Substitution (US): You may uniformly replace any propositional letter, o',
occurring in a theorem of PL with another wff of PL, rwj.

from | ¢lar,as,...,an], infer | ¢ly1/ar,y2/ ... . ¥n/an]

Modus Ponens (MP): From a wff of the form "¢ — ¢ ' and a wff of the form "¢ ', you
may infer "y .

Uniform Substitution tells us, for instance, that we may write down, at any time, the result
of replacing ‘P’ with ‘~P” and ‘Q’ with ‘(Q — R)’ in (A3), getting:

(~(Q = R) = ~~P) = ((~(Q = B) > ~P) = (0 = R))

It is important that Uniform Substitution applies only to theorems. Otherwise, we would be
able to prove ‘Q’ from ‘P’ It is also important that the substitution be uniform—that is, if you
replace ‘P’ with ‘~(Q’ in one place where the wff ‘P’ occurs, then you must replace ‘P’ with
‘~Q’ in every other places that ‘P’ occurs. It is also important that we only replace atomic,
proposition letters with other wifs. We cannot, for instance, replace ‘(Q — P)’ in (A1) with
‘Qtoget'P— Q.

Here’s how an axiomatic proof works: you write things down on sequentially numbered
lines, in accordance with the rules of the axiomatic proof system. The rules tell you that you
are allowed to write any wff of PL down as a premise; you are allowed to write down any of
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the axioms (A1), (A2), or (A3); and you are allowed to write down anything allowed by the
inference rules Uniform Substitution and Modus Ponens.

Here’s a sample axiomatic proof:

L bk, (P=>(Q—-R)—((P>Q) - (P-R)) (A2)
2k, (P> (P>P)>P)>(P>(P>P)—>(P>P) 1, US
3 0k, P (0-P) (A1)
4. I;LP—>((P—>P)—>P) 3, US
5. |, (P> (P>P))—>(P->P) 2, 4 MP
6. | P—(P—P) 3, US
7. I;L P—->P 5, 6, MP

We will say that "¢ ' is a theorem of PL,
()

PL

iffthere is a proof with o premises and whose final lineis "¢ . So the above axiomatic proof
establishes that 5 P — P.

We will say that "¢ is PL-provable from T,
'k, ¢

PL

iff there is an axiomatic proof which has only premises from I and whose final line is "¢ ".

Then, the axiomatic proof below establishes that

(I, P
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L, P— (00— P)

|, ~~P = (~P — ~~P)

~P — ~~P

5, (+0 = ~P) > (-0~ ) > 0)
e (<P = ~~P) = (~P = ~P) = P)
(~P > ~P)> P

<P (-P > ~P) > ~-P)
(7= (@2 0) = (7= 0) = (=)
PL

L, (~P - (~P > ~P)) > ~P—>~P)
L, ~P = (~P - ~P)

I;L ~P — ~P

P

, (<P o (~P = ~P) = ~P)) = ((~P = (~P = ~P)) -

(~P = ~P))

Premise
(A1)

2, US
1,3, MP
(A3)

5, US

4, 6, MP
2, US
(A2)

9, US
8,10, MP
2, US

11, 12, MP
7,13, MP
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Because Uniform Substitution only applies to theorems, it is important that we keep track of
which wffs on the lines are theorems, and which were merely consequences of our assump-
tions in the proof. Thus, I am writing " E, ¢ iff ¢ is a theorem of PL. If an application of
a rule of inference makes use of only theorems, then the result of applying that rule will be
a theorem. If, however—as on lines 4, 7, and 14 above—an application of a rule of inference
makes use of non-theorems, then the result of applying that rule will not be a theorem.

Interesting and Unexpected and Fantastic Fact: for every wff ¢ and every
set of wifs I',

I'- ¢ ifandonlyif l"l:PL(j)

PL

1.2. Natural Deduction For Propositional Logic. Axiomatic proof systems are easy to prove
things about, but they are not very easy to prove things in. Therefore, I'll introduce here a
more natural deduction system for propositional logic.

This proof system is known as a Fitch-style proof system, after the logician Frederic Fitch,
who first introduced them.

The way the proof system works is like this: you put all of your premises y € I on a line—
known as the main scope line (main scope line because, as we'll see in a bit, the system allows
other, subsidiary, scope lines, too). There are then a collection of rules that you are allowed
to follow. If, by following these rules, you are able to write down "¢ on the main scope line
at any point,

1 4!
2 Y2
n ’)/n
m é

then ¢ is derivable from I' according to the proof system. Notice that we number each line
of the proof, for easy reference. We will also write down, on each line of the proof, our
justification for writing down the wif that we wrote down on that line. That is to say, we will
say which rule of the proof system, together with which previous lines of the proof, allowed
us to write down the wit we did.

If ¢ is derivable from T according to the natural deduction system, we write:

TE,¢
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If ¢ is derivable from no assumptions, then we write:

by @
Some definitions:

(1) A line of the derivation, m, is ACCESSIBLE from another line, #, if and only if 1) line
m precedes line n; and 2) the wit written on line m lies on a scope line which extends
to line n.

(2) An entire subderivation, running from lines /-m, is ACCESSIBLE from a line, n, if
and only if 1) the subderivation preceeds line n (in particular, the subderivation is
not still in progress at line n); and 2) the entire subderivation lies on a scope line
which extends to line .

Here are the rules of our natural deduction system:
(1) Assumption: you may, at any point in a derivation, start a new scope line, nested

within the previous scope lines. You may write whatever you wish on the first line
of this new scope line (so long, that is, as it is a wit of PL).

(2) Reiteration: if "¢ is written on a scope line which is accessible from your current
line, then you can write down "¢ .

R
¢
> ¢

(3) Conjunction Introduction: Ifboth "¢ and "y ' are written down on lines which are
accessible from your current line, then you may write down "¢ A ¢ .
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(4) Conjunction Elimination: if "¢ Ay is written down on an accessible line, then you
may write down "¢ and you may write down " .

AE
PAY
> ¢
>\ ¥

(5) Disjunction Introduction: If you have r¢-' written down on an accessible line, then
you may write down "¢ V ¢ and you may write down "y V ¢, for any wff .

VI

¢
> vy
> yve

(6) Disjunction Elimination: if ¢ V¢ is written on an accessible line, there is an acces-
sible subderivation whose assumption is "¢ and whose final line is y ', and there
is an accessible subderivation whose assumption is ¢ ' and whose final line is "y ',
then you may write down "y .
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(7) Conditional Introduction: If there is an accessible subderivation whose assumption
is ¢ and whose final line is "y, then you may write down ooy,

(8) Conditional Elimination: if ¢ — ¢ appears on an accessible line and "¢ appears
on an accessible line, then you may write down "y

> ¢

(9) Negation Introduction: If there is an accessible subderivation whose assumption is
"¢ and whose final line is of the form " A ~ ', then you may write down "~

(10) Negation Elimination: If there is an accessible subderivation whose assumption is
"~¢" and whose final line is is of the form "y A ~y ", then you may write down "¢ .
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(11) Biconditional Introduction: If there is an accessible subderivation whose first line is
"¢ and whose final line is "¢ ' and there is an accessible subderivation whose first
lineis ¢ and whose final line is "¢ , then you may write down "¢ <> ¢ .

(12) Biconditional Elimination: If you have "¢ & ¢ written down on an accessible line,
and you have "¢ ' written down on an accessible line, then you may write down "¢ .
Also: if you have "¢ < " written down on an accessible line and you have "y
written down on an accessible line, then you may write down "¢ .

Here’s a sample derivation demonstrating that {P — Q,~Q} - _~P

1 P—Q

2 ~Q0

3 Y A(~D)

4 0 L3(=>1)
5 OA~0  2,4(A])

6 ~P 3-5(~1)
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Here’s another demonstrating that {~(PV Q)} |5 ~P A ~Q

1 ~(PV Q)

2 o P A (~I)
3 T’V 0 2 (VI)

4 (PVQ)A~(PV Q) 1,3 (A)
5 ~P 2-4 (~1)
6 0 A (~1)
7 7’\/ 0 6 (VI)

8 (PVQ)A~(PV Q) 1,7 (AD)
9 ~Q 6-8 (~1)
10 ~PA~Q 5,9 (AI)

Here is a derivation showing that 5 P — (P — P)

1 P A(— 1)
2 o P A(>1)
3 P 2, R

4 P—-P 2-3,—> [

5 P> (P->P) 1-4,— 1

In the above derivation, we were able to derive ‘P — (P — P)’ from no assumptions. You
can tell this because, at the end of the derivation, ‘P — (P — P)’ lies outside of every
scope line. This means that, according to the natural deduction system, ‘P — (P — P)’is
a theorem.

Interesting and Unexpected and Fantastic Fact: for every wif ¢ and every
set of wifs T,

T by @ ifandonlyif T =, ¢
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2. THE LANGUAGE PML

(1) The vocabulary of PML includes
(a) An infinite number of propositional letters

P,OQ,R,P1,01,R,P2,07,Ro, ...

(b) logical connectives
(c) parenthases

(d) a modal operator
O

(2) Any sequence of the above characters is a formula of PML. A well-formed formula,
or wff, of PML is defined recursively

(a) Any propositional letter is a wif (known as an atomic wit).
(b) If "¢ isawff, then ~¢ and "O¢ " are wifs.

(c) If "¢ and "y are wifs, then (¢ — ¢) ' is a wif.

(d) Nothing else is a wit.

(3) We introduce the following stipulative definitions.

@Vy) E (P —>y) -y

def

(pAy) =~(¢ > ~y)

def

(@ov)=~(o—-y) > ~W-9)

def

Op = ~O~¢

3. THE SysTEM K

The axiomatic system K is characterized by one additional axiom, K (the distribution ax-
iom), and one additional rule of inference, N (the rule of necessitation).

K :O(/P - Q) - (0P - 0Q)
N : from E ¢, infer = O¢

If we add K and N to the axioms and rules of inference for PL, we get the axiomatic system
K. Since we know that every theorem of PL can be proven from the axioms and rules of
inference for PL, we can make our axiomatic system K a bit easier to work with by allowing
ourselves to write down, as an axiom, any theorem of PL, and allowing ourselves to appeal
to any valid PL rule of inference. Then, the axiomatic system K will have the following
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axioms:
E ¢, for all theorems of PL, ¢ (PLT)
L O(P > Q) - (0P > 0Q) (K)
And the following rules of inference:
all valid PL inferences (PLR)
from dlar, @z, ..., ay], infer E ol /a1, 2/ az, ... .Y/ ay] us)
from I—K ¢, infer I—K O¢ (N)

(PLR) allows you to appeal to any PL-valid rule of inference. However, in these notes, I will
mostly confine myself to Modus Ponens and the following (each ‘>’ indicates an allowed
inference):

Contraposition Hypothetical Syllogism

doY Q> ~Y o~ oYYy o x> oy

-~y Q> Y- ~P

Here is a sample axiomatic proof of O(P — Q) from the premise OQ.

1. 0OQ Premise
2. £ Q0— (P> Q) (PL)

K 0(Q—- (P—- Q) 2 (N)

4. OoP—- Q) — (OP - 0OQ) (K)

5. I—KD(Q—>(P—>Q))—>(DQ—>D(P—>Q)) 4, US

6. £ 00— 0P Q) 3,5 (PLR)
7 0P -0) 1,6 (PLR)

Here, it is important that we keep track of which wffs on the lines are theorems of K, and
which are merely consequences of our assumptions in the proof (both the rules (US) and
(N) apply only to theorems). I write "~ F ¢ iff ¢ is a theorem of K. If an application of a
rule of inference makes use of only theorems, then the result of applying that rule will be a
theorem. If, however—as on line 7 above—an application of a rule of inference makes use
of non-theorems, then the result of applying that rule will not be a theorem.

If"¢" is provable in the system K from the premises in T, then we write
r |7< 1)
Thus, the above axiomatic proof establishes that {00} | O(P — Q).

If "¢ is provable in the system K from no premises, then we say that "¢ is a theorem of K,
and we write

k¢
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In general, for any axiomatic system S, if rq)1 is provable from the premises in I, then I will
write

I'k ¢

N
And, for any axiomatic system S, if "¢ is provable in S from no premises, then I will say
that rgb1 is a theorem of S, and I will write

k¢

Here is a proof that the wff ‘0P — O~~P’ is a theorem of K:

1. I—K P— ~~P (PL)

2. | O(P - ~~P) 1(N)

3 |—KD(P—>Q)—>(DP—>DQ) (K)

4 E O(P - ~~P) — (OP - O~~P) 3 (US)

5. | OP— O~~P 2, 4 (PLR)

Given these rules of inference, we can derive other rules of inference. We may do this by
using metavariables like "¢ and "¢ ' to stand for any wff of PML. One useful derived rule
is a rule which lets us go immediately from |- ¢ — ¢ to |- O¢ — Dy

‘We show that this inference will be valid in K, no matter which wffs r(b1 and rzﬁj refer to, by
providing a schematic derivation from ¢ —-ytol O — Oy like the following:

L Eé—=y

2. K O(¢p - y) 1(N)

3 }}D(P—>Q)—> (OP — 0OQ) (K)

4 L O(@—-y)— (0 - 0y) 3(US)

5 |—K O¢ — Oy 2, 4 (PLR)

Since we've proven that, whenever we have something of the form ‘|- ¢ — ¢’ we can get
to something of the form ‘|- D¢ — 0y’ in 4 steps, we may introduce a new derived rule,
which we can call ‘KR’ (for ‘K rule):

from Eé—u, infer F D¢ — Oy (KR)

We may derive a similar rule for the biconditional:

Lo eou

2. I—K ¢ — Y 1 (PLR)
3. |—K O¢ — Oy 2 (KR)

4. Ry 1(PLR)
5. F Oy —0¢ 4 (KR)

6. I—K O¢ « Oy 3,5 (PLR)

(Here, I am making use of the PL-valid rule of inferences which allow you to go from a wit
of the form "¢ « ¢ to either "¢ — ¢ or ¢ — ¢'; and which allows you to go from

oy and Yy o p to peoy)
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Therefore, we have the derived rule (BKR) (for ‘biconditional K rule’):
from Eéoy, infer E D¢ o Oy (BKR)
Note also that the following are theorems of PL, and therefore theorems of K:

(P Q) (P o ~0)
(PoQ)> ((P>R) o (Q—R)
(PoQ)> ((R->P)eo (R->Q))

Though it may not be apparent at first, our rule (BKR), together with the above theorems of
PL, tell us that, if it is a theorem that "¢ < ¢, then we may substitute "y for ¢ wherever
it may appear in a wff. Why? Because every wit of PML consists of the operators ‘) ‘~} and
‘=, built up in some way (all the other connectives are simply defined in terms of them).
The rule (BKR) and the theorems above therefore allow us, from I—K ¢ < ¥, to build up to

a theorem of the form |, £[¢] & ¢[y/¢], for any wif "¢[¢]" in which the wff "¢ appears.

An example will help make this clearer. Suppose that we have a wif of the form "~O¢ — y '
at some point in our axiomatic proof, and it is a theorem that "¢ <> ¢ . We could use the
above facts to exchange "¢ for ¢ in ~O¢ — y ' by going through a procedure like the
following:

L ~Up—-x

2. Eoeoy

3k O¢e Oy 2 (BKR)
4 kK (PoQ) > (~Po~Q) (PL)

5. bk (O¢ & 0Oy) > (~0¢ & ~0y) 4(US)

6 |7( ~0¢ « ~Oy 3,5 (PLR)
72 h(PeQ) - ((P>R) o (Q—R)) (PL)

8. K (~0¢ o ~0Oy) > ((~Op > x) © (~Oy - x)) 6 (US)
9. kK (~B¢-x) o (~Oy - yx) 6,8 (PLR)
10. ~0O¢ -y 1,9 (PLR)

We could be more rigorous about this and provide a proof by mathematical induction es-
tablishing that we will always be able to carry out a procedure like the foregoing, but I hope
the example makes it clear enough how this would go. Therefore, we have another derived
rule, which I will call ‘SE, for ‘substitution of equivalents”

from {[¢] and | ¢ & y, infer {[y/¢] (SE)

Before moving on, it will be helpful to get out on the table a derived rule for the relation-
ship between the modal operators and negations. We may derive a rule which tells us that,
whenever we have a wff of the form "~O¢ ' appearing anywhere in a wff, we may exchange
it with one of the form r<>~g1§1, and vice versa. Given (SE), it is enough to show this to show
that E ~0¢ & O~pisa theorem.
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w2 w3
o €¥———— o

C- D

w1 W4

FIGURE 1. A K-frame consisting of the worlds wy, w2, w3, and wy, and the acces-
sibility relation R such that Rwjw;, Rwjw,, Rwjws, Rwswy, and Rwawy.

L EPoP (PL)

2. £ ~0¢ & ~0¢ 1(US)
3 Po~P (PL)

4. oo ~~d 3(US)
5. I} ~0¢ & ~O~~¢ 2, 4 (SE)
6. I} ~0¢ & O~¢ 5 def. <O’

We may similarly derive a rule which tells us that, whenever we have a wff of the form " ~O¢'
appearing anywhere in a wff, we may exchange it with one of the form " O~¢ ', and vice versa.
Again, given (SE), it is enough to show that it is a theorem that | ~0¢ & O~¢

1. }—K ~~P o P (PL)
2. b ~~DO~¢p o O~¢ 1(US)
3 E~Op o O~¢ 2 def. &’

Thus, we have the derived rules ‘MN’, for ‘modal negation.

from ¢[~0¢], infer £[O~¢

~
~

[ [O~¢]
from ¢[~09), infer {[~9]
from £[O~¢), infer £[~Og)] (MN)
from ¢[O~¢], infer {[~O¢]

3.1. Semantics for K. A K-frame is a pair < W, R > of a set of worlds WV and a binary
relation R € W X W (known as the ‘accessibility relation’). An illustration of a K-frame is
shown in figure 1.

A K-model is a triple < W, R, .# > consisting of a K frame < )/, R > and an interpretation
function .#, from pairs of atomic wifs of PML and worlds w € W to {1, 0}. An illustration
of a K-model is displayed in figure 2.

Given a K-model < W, R, .# >, we construct a valuation function V), in the following

. r A . r
manner. For every world w € W, every atomic wif ' « , and every pair of wits ¢, ¢,

(1) Vm(a,w) =1iff 7 (e, w) = 1.
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wy w3
P . < .

- -sjg

w1 W4

FIGURE 2. A K-model consisting of the frame from figure 1 together with an

interpretation .# such that P is true in w; and wy and Q is true in w; and wy.

(2) Vu(~¢,w) = 1iff Vy (¢, w) = 0.
(3) Vul(p = y,w) = 1iff Vy(é,w) = 0or Vo (¢, w) = 1.

(4) Vu(Og,w) = 1iff, for every w’ € W, if Rww/', then Vi (¢, w’) = 1.

can show that, given this semantics, and given our definition of "¢,

Vo (Op, w) = 1iff there is some w’ such that Rww’ and Vy (¢, w’) = 1.

To do so, we'll first prove the left-to-right hand direction of the biconditional above, and
then prove the right-to-left hand direction.

AV R WM

7

8.

Suppose that Vy( (O, w) = 1.

Then, Vi, (~O~¢,w) = 1.

Then, Vy (O~¢,w) = 0.

So, it is not the case that Vi, (O~¢, w) = 1.

So, it is not the case that, for all ', if Rww’, then Vy(~¢,w’) = 1.
So, there is some w’ such that Rww’ and it is not the case that
Vu(~p,w') =1

So there is some w’ such that Rww’ and Vy (~¢,w’) = 0

So there is some w’ such that Rww’ and Vy(¢,w’) = 1

Assumption
1, def. <O’
2, def. ~’
3, bivalence
4, def. T
5 QL

6, bivalence
7’ def <’

In the above semantic proof, I justified line 6 by citing Quantificational Logic, ‘QL} because
quantificational logic tells us that ‘~(Vx) (Px — Qx)’ is equivalent to ‘(3x) (Px A ~Qx)"

We can then establish the right-to-left hand direction by just running through the semantic
proof above, but in the opposite direction:

1.

2.

3.

v

Suppose there is some w’ such that Rww’ and Vy, (¢, w’) = 1

Then there is some w’ such that Rww’ and Vy (~¢,w’) = 0

So, there is some w’ such that Rww’ and it is not the case that
Vum(~p,w') =1

So, it is not the case that, for all ', if Rww’, then Vy((~¢,w’) = 1.
So, it is not the case that Vy (O~¢,w) = 1.

Then, Vy (O~¢,w) = 0.

Assumption
6, def. ~’
2, bivalence

3, QL
4, def. T
5, bivalence
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7. Then, Vy (~O~¢,w) = 1. 6, def. ~’
8. So Vi (Co,w) = 1. 7, def. <O’
Now that we've proven that Vy(O¢,w) = 1 iff there is some w’ such that Rww’ and
Vum(p,w') = 1, we should feel free to use this fact in our semantic proofs in the future

(just as we should feel free to use the fact that V(¢ Ay, w) = 1 iff Vi (¢,w) = 1 and
VM (l//, w) = 1)

3.2. K-Consequence. We will say that "¢ ' is a K-consequence of a set of wffs T', or that the
argument from I' to " ¢ is K-valid,

I ¢
iff there is no K-model < W, R, .# >, with some w € W such that Vy(y,w) = 1 for every

v € T, yet Vy (¢, w) = 0. Or, equivalently: iff for every world in every K-model at which
all the premises in T are true, ¢ is true as well.

And we will say that a wif ¢ is a K-tautology, or K-valid, written
= ¢

K

if and only if "¢ ' is true at every world in every K model.

Interesting and Unexpected and Fantastic Fact: for every set of wffs I" and
every wif ¢,

't ¢ if and only if 'e ¢

3.3. Establishing Validity in K. If we wish to show that an argument from the premises in
T to the conclusion "¢ is K-valid, we may provide a semantic proof. Suppose, for instance,
that we wish to show that

{OPYE ©(Q— P)

We may do so with a semantic proof like the following:

1. Suppose that there is an arbitrary K-model < W, R, .# >, with some Assumption
arbitrary w € W such that V\,(OP,w) = 1.

2. Then, V\ (OP,w) = 1 1, AE

3. So, there is some w’ € W such that Rww’ and Vy((P,w’) = 1. 2, def. <O’
4. So, there is some w’ € W such that Rww’ and V((Q — P,uw’) = 1 3, def. ‘=’
5. SoVu(C(Q - P)w) =1. 4, def. <O’
6. So, if there is an arbitrary K-model < W, R, .# > with some arbitrary 1-5, — [

w € W such that V (OP,w) = 1, then V), (¢(Q = P),w) = 1.
7. So,forany K-model < W, R, .# >andanyw € W, if V, (OP,w) =1, 6,QL
then Vy (¢G(Q — P),w) = 1 too.

3.4. Establishing Invalidity in K. In order to establish that an argument from the premises
in T to the conclusion "¢ is invalid in K, that is, that T = ¢, it is enough to provide a
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K-model < W, R, .# > in which all of the premises in I" are true at some world in W, yet
"¢ is false at that world. For instance, suppose that we wish to show that

(OP} = P
We may do so with the following K-model:
W = (w)
R=0
F(P,w;) =0

To see that V (OP,w;) = 1, note that all of the none of the worlds w’ such that Rww’ are
such that Vy((P,w’) = 1. Yet, Vi (P, w;) = 0, since # (P, w;) = 0. So this is a K-model
in which ‘0P’ is true at wy, yet ‘P’ is false at wy.

The semantics for K puts absolutely no constraints on the accessibility relation R. So it allows
the possibility of ‘blind’ worlds—worlds which see no other worlds (not even themselves).

For this reason, it is also true in K that ‘CP’ does not follow from ‘O P’.
(OP) I#K OP

The K-model above provides a counterexample. For there, all of the none of the worlds
which w; sees are P worlds, so Vi (3P, w;) = 1. However, it is not the case that there is a
world which w; sees which is a P world, so Vy,(CP,w;) = 0.

3.5. Natural Deduction for K. We can augment our natural deduction system for PL with
a few new rules to achieve a natural deduction system for K.

What makes K natural deduction distinctive is that it introduces two new kinds of sub-
proof, which we'll call strict subproofs. There are box-strict subproofs and diamond-strict
subproofs. The first new rule is that you may, at any time, introduce a new box-strict sub-
proof. For instance, here is an example of a natural deduction proofin K:

1 U P A=
2 P 1, R
3 P—-P 1-2,—> [

4 0OP-P) 1-3, 01

The subproof running from lines 1-3 is a box-strict subproof, as indicated by the box in the
upper left-hand-corner. Here is a K-derivation which utilizes a diamond-strict subproof:
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1 OP

2 o P A(CE)

3 PvQ 2, VI

4 O(Pv Q) 1,2-3, OF

Note that, unlike a regular subproof, box-strict subproofs do not begin with any assump-
tions. Diamond-strict subproofs, on the other hand, must begin with an assumption.

With strict subproofs, we get three new rules:

The first rule tells us that, if we have a wff of the form "O¢ ' outside of a strict subproof—
and there are no other strict subproofs between the scope line on which "O¢ ' appears and
the strict subproof we are inside—then we may write down ¢ within our strict subproof
(whether the strict subproof is a box or a diamond strict subproof). The second rule tells us
that, if we have "¢ occurring on the final line of an accessible box strict subproof, then we
may write down ¢ outside of the scope of the box strict subproof. The third rule says:
if you have the wff "¢ appearing at some point in a derivation—and there are no strict
subproofs between the scope line on which "¢ appears and your current scope line—then
you may open a new diamond strict subproof with the assumption ¢ . When you do so, you
should write ‘A(OE)’ (assumption for the purposes of  elimination) in the justification for
that line. If, at the bottom of that subproof, you have a wff "¢, then you may write "<y’
outside of the scope of the diamond strict subproof.

When we add strict subproofs, we must restrict the use of the reiteration rule, R. Wifs which
lie outside of a strict subproof may not be reiterated within a strict subproof. For instance,
the following derivation is not legal:
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1 AT
2 1, R «—— MISTAKE!!!
3 2—2, 0]

4 P-0OP 1-3, > [

Nor is the following derivation legal:

1 OP

2 0

3 o P A(CE)

4 0 2, R «— MISTAKE!!!
5 PAQ 3, 4, NI

6 O(PAQ) 1,3-5, OF

This is good, because {OP, O} £ O(P A Q) (see the homework).

Just as you cannot reiterate lines outside of a strict subproof within a strict subproof, you
may not appeal to those lines for the purposes of conjunction introduction, conditional
elimination, etc. Once you are within a strict-subproof, the only wits which are accessible
are those appearing within that strict subproof or those of the form "¢ which lie on a
scope line which extends to your current line (and which is not blocked by the scope of
any strict subproof other than your own). And wffs of the form "O¢ ' outside of your strict
subproof may only be appealed to with the rule OR.

For instance, the following derivation is not legal:

1 O0PA(BP > (P> Q))

2 zDP 1, AE

3 oP— (P— Q) 1, AE

4 |P| oOP 2, 0R

5 P-0 3,4, — E «— MISTAKE!!!
6 ol p 4, 0R

7 o 56,— FE «— MISTAKE!!
8 oQ 6-7 01

9 aoQ 4-8, 01
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Line 3 cannot be appealed to at line 5 for the purposes of — E, since line 3 lies outside of the
strict subproof which begins at line 4. And, even if line 5 occurs within the strict subproof
which begins at line 4, it does not occur within the strict subproof which begins at line 6,
and so it is not accessible at line 7 for the purposes of — E.

Note that OR only allows you to write down "¢ within a strict subproof if you have " 0¢ " ac-
cessible just outside of that strict subproof. It does not allow you to write down "¢ within a
strict subproofif 'O¢ " is accessible within that subproof. For instance, the following deriva-
tion is not legal:

1 OUOP

> |°| oP  A(CE)
3 P 2,0R  «— MISTAKE!!!

4 OP 1,2-3, OF

This too is good, since GOP [= OP. (Can you think of a K-model in which ‘COP” is true
at a world, yet ‘O P’ is false at that world?)

Note also that, while OR allows you to place "¢ inside of any strict subproof, so long as
"O¢ ' is accessible outside of that subproof (and there are no other strict subproofs between
the scope line on which "O¢ ' appears and the strict subproof where you write down "¢ "), it
does not allow you to place "¢ inside of any strict subproof just because "¢ ' is accessible
outside of that subproof. For instance, the following K-derivation is not legal:

1 OP

2 &0

5 o p A(CE)

4 0 2, 0R «—— MISTAKE!!!
5 PAQ 3, 4, A

6 O(PAQ) 1,3-5, OF

This is good, because {OP, O 0} I;%( O(P A Q). (Can you think of a counter-model?)

Additionally, OR only applies when there is a single strict subproof between the line on
which "¢ ' appears and the line you are currently at in the derivation. The following deriva-
tion is not legal:
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1 ap

2 oQ

3 [Pl P 1, OR

4 D\ Q0 2,0R «—— MISTAKE!!!
5 0Q 4-4,01

6 ooQ 3-5, 01

OR only allows you to remove boxes across the border of a single strict subproof. It is not
allowed to carry ‘Q’ across the borders of two strict subproofs at once. This derivation, on
the other hand, is legal:

1 <COP

2 ooQ

s o] op A(OE)

4 ?Q 2, 0R

5 °l o 4,0R

6 P 3, OR

7 OANP 5,6, Al

8 O(QAP) 5—7, 01

9 CO(QAP) 1,3-8, OF

It is also important to understand that, in order to use OFE, the strict subproof must have
began witha wff ¢ ', where ©¢ ' occurs on an accessible line outside of that strict subproof.
For instance, the following derivation is not legal:

1 opP

2 o P A(CE)

3 P 1, OR

4 OP 2-3, OF «— MISTAKE!!!

5 OP—OP 1-4, — 1

This is good, because ‘0P — P’ is not a theorem of K (see above). Thus, it is important,
when you are justifying a line by CE, that you write down both 1) the line on which a wit
of the form "¢ appears, outside of the diamond strict subproof; and 2) the lines of a
diamond strict subproof which begins with the wff "¢ . Without (1), you are not allowed to
write down Oy .
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If there is a legal K-derivation of "¢ starting with the assumptions in T, then T will write
I'hp ¢
And if there is a legal K-derivation of ¢ ' from no assumptions, then I will write

By @

KD

In general, for the natural deduction system for S, if there is a legal S -derivation of "¢
starting with the assumptions in I', I will write

r l_SD ¢
And if there is a legal S -derivation of "¢ from no assumptions, then I will write
|§D ¢

Here is a K-derivation of the K axiom.
1 0P - 0) A=)
> | | op A=)
3 EN P 2, 0R
4 P—- Q0 1, OR
5 0 34— E
6 oQ 3-5, 07
7 opP — OQ 2-6, > |

8 D(P - Q) — (DP - I:IQ) 1-7,—> 1

Here is a K-derivation establishing that {IP AOQ} - O(P A Q):

1 OoPAOQ

2 ?P 1L, AE

3 0o 1, AE

4 Bl p 2, 0OR

5 0 3, OR

6 PAQ 4,5, NI
7 O(PAQ) 4501

Here is a K-derivation establishing that = O(P — Q) — (OP — ©Q).
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1 o(P - Q) A(> 1)

2 o oP A(—> 1)

3 °l P A(CE)

4 P—- Q0 1, OR

5 ) 3,4, > E
6 &0 2,3-5, OF
7 OP — Q0 2-6,— [
8 O(P—>0) - (0P—00) 171

And one showing that {OPV OO} | O(PV Q).

1 OPV<OQ
2 OP A(VE)
3 o P A(CE)
4 PvQ 3, VI
5 O(PV Q) 2,3-4, OF
6 ©Q A(VE)
7 o 0 A(CE)
8 PV QO 7, VI
9 O(PV Q) 6,7-8, OF
10 O(PV Q) 1,2-5,6-9, VE

We will also introduce eight new rules governing negations and modal operators:

Here is a K-derivation establishing that OP | ~O~~~P.
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1 opP

2 ? P 1, OR

3 ~P A(~I)
4 PA~P 2,3, Al
5 ~~P 3—4, ~1
6 O~~P 2-5, 01
7 ~O~~~ P 6, MN

And here is one establishing that = O((O(P — Q) A ©~Q) — O~P).

1 - O(P - Q) AO~Q A(— 1)
2 ?(P - Q) 1, AE

3 o~0 1, AE

4 ~0Q 3 MN

5 ~O~P A(~E)

6 ?P 5, MN

7 ol p 6, OR

8 P—-Q 2, OR

9 o 782 E
10 oQ 7-9, O1
1 oo A~0Q 3,10, Al
12 O~P 5-11, ~F
13 (O(P - Q) AO~Q) — O~P 1-12, > [

14 O(O(P - Q) AO~Q) > O~P) 1-13, OI

Interesting and Unexpected and Fantastic Fact: for every set of wffs I" and
every wif ¢,

't ¢ if and only if I'e ¢
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4. THE SysTEM D

Suppose we add to our axiomatic system K the following axiom
D :0P—OP

This gives us the system D. The axiomatic system D will have the following axioms:

'7) ¢, for all theorems of PL, rqﬁj (PL)
B O(P — Q) - (OP - 0OQ) (K)
|—D P — <Q (D)
And the following rules of inference:
all PL valid inferences (PLR)
from plai, @z, ..., ay], infer = dl1/ar, o/, ... YN/ ay] (Us)
from | ¢, infer |- O¢ (N)

Since all the axioms and rules of inference of K are axioms and rules of inference of D, we
retain all the derived rules from §3.

It is automatic that, in D, unlike in K, {OP} '7) OP:

1. OP Premise
2. I—K oP —- OP (D)
3. OP 1,2 (PLR)

Here is an axiomatic proof showing that | ~OP — O~P (this is not a tautology in K—see
the homework).

1. I—D oP — OP (D)
2. I—D O~P — O~P 1(US)
3. I—D ~OP — O~P 2 (MN)

4.1. Semantics for D. Our semantics for K imposed absolutely no constraints on the ac-
cessibility relation R. If we require that the accessibility relation R be serial—that is, that
every world sees at least one (not necessarily distinct) world—then we get a semantics for
the system D.

A D-frame is a pair < W, R > of a set of worlds W and a serial binary relation R € W x W.
Recall,

SERIALITY:
A binary relation R C A X A is sErIAL iff, for all @ € A, there is some b € A
such that Rab.

Ya b Rab

A sample D-frame is shown in figure 3.
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w1 w2 w3
- €¥———— o ]

O

FIGURE 3. A D-frame consisting of the worlds wy, wo, and w3, and an accessibil-
ity relation R such that Rwiw, Rwywy, and Rwsws.

A D model is a triple < W, R, .# > consisting of a D-frame < W, R > and an interpretation
function .#, from pairs of atomic wits of PML and worlds w € W to {1, 0}.

Given a D-model < W, R, .# >, we construct a valuation function V), in precisely the same
way we did for K-models. That is: for every world w € W, every atomic wff "« ', and every
pair of wifs "¢, "y,

(1) Vu(a,w) =1iff (e, w) = 1.

(2) Vu(~¢,w) = 1iff Vy (¢, w) = 0.

(3) V(¢ = ¢ow) = 1iff Vu(d,w) = 0 or V(g w) = 1.

(4) Vu(Og,w) = 1iff, for every ', if Rww’, then Vy, (¢, w’) = 1.

(
(
(
(

4.2. D-Consequence. We will say that "¢ is a D-consequence of a set of wifs T, or that the
argument from I'to "¢ ' is D-valid,

' ¢
iff there is no D-model < W, R, . >, with some w € W, such that V\((y,w) = 1 for every
y € T, yet Vi (¢, w) = 0. Or, equivalently: iff for every world in every D-model at which
all the premises in T are true, ¢ is true as well.

And we will say that a wff "¢ is a D-tautology, or D-valid, written
= ¢

D

ifand only if "¢ ' is true at every world in every D model.

Interesting and Unexpected and Fantastic Fact: for every set of wffs I" and
every wif ¢,

't ¢ if and only if I'e ¢

4.3. Establishing Validity in D. If we wish to show that an argument from the premises in
I to the conclusion "¢ ' is D-valid, we may provide a semantic proof. Suppose, for instance,
that we wish to show that

~OP £ O~P

We may do so with a semantic proof like the following:

1. Suppose that there is an arbitrary D-model < W, R, .# >, with some arbi- Assumption
trary w € W, such that Vy (~OP,w) = L.
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2. Then, Vy (~OP,w) =1 1, AE

3. So, Vyu (OP,w) =0. 2, def. ~’

4. So, it is not the case that V\,(OP,w) = 1 3, bivalence

5. So, it is not the case there is some w’ € W such that Rww’ and 4, def. ‘O’
Vu(Pw') = 1.

6. So, forall w, if Rww’, then it is not the case that Vy((P,w’) = 1. 5, QL

7. So, forall w’, if Rww', then Vy (P,w’") = 0. 6, bivalence

8.  There is some w’ such that Rww’—call it ‘X’ def. ‘D-model’

9. So, Rwx. 8

10. If Rwx, then Vy((P,x) =0 7 QL

1. So, Vy(P,x) = 0. 9,10, MP

12.  So, Vy(~P,x) = 1. 11, def. ~°

13.  So, Rwx and Vy((~P,x) = 1. 9,12

14.  So, there is some w’ such that Rww’ and Vy,(~P,w’) = 1. 13, 4G

15.  So, Vi (O~P,w) = 1. 14, def. <O’

16.  So, if there is an arbitrary D-model < W, R, .# > such that, for some 1-15, = /
arbitrary w € W, Vy (~OP,w) = 1, then Vj,(O~P,w) = 1 as well.

17.  So, for any world w in any D-model M, if Vy(~OP,w) = 1, then 16, QL
Vi (O~P,w) = 1 as well.

4.4. Establishing Invalidity in D. In order to establish that an argument from the premises
in I to the conclusion rqﬁ1 is invalid in D, that is, that T’ I#D ¢, it is enough to provide a D-
model < W, R, .# > in which all of the premises in I are true at some world in W, yet "'
is false at that world. For instance, suppose that we wish to show that

{OP} I OOP
We may do so with the following D-model:
W = {wi, wa} w wy
R ={<wp,wr > <wy,w; >} . . P
J(P,wy) =0
F(P,un) =1

In this model, Vo, (OP,w;) = 1, since Rwjwy and Vy (P, w;) = 1. However, Vi (OP,wp) =
0, since w; is the only world which w; sees, and Vi (P, w;) = 0. Therefore, since w; is the
only world which w; sees, Vy (OCOP,w1) = 0.

Alsoin D,
(OP}) I#D P

The D-model above provides a counterexample. For in that model, Vy (OP,w;) = 1, since
Vi (P, wy) = 1, and w; is the only world which w; sees. However, Vi, (P, w;) = 0.

4.5. Natural Deduction for D. To achieve a natural deduction system for D, we may take
the natural deduction system for K and add to it a single rule of inference:
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This rule says: if you have the wff "¢ appearing on the final line of an accessible box strict
subproof, then you may write ¢ outside the scope of that subproof.

With this new rule, here is a derivation establishing that the characteristic D axiom is a
theorem of our natural deduction system, |- - OP — OP

4

OP — OP

A>T
1, OR
2, DO

1-3, = 1

Here is derivation establishing that ~OP |- = O~P.

And here is a D derivation establishing that |- ©((OPAD(P — Q)) — ©Q).

1

O

4

~OP

O~P

D‘ P

O~P

1, MN
2, OR

3, DOI

OPAO(P - Q) A(—> 1)
?P 1, AE
o(P - Q) 1, AE
P 2, 0R
P—- Q0 3, OR
0 4,5 > E
o0 4-6, DOI
(BPAD(P— Q) - ©Q 1-7,— 1
O((OPAD(P - Q)) - <0) 1-8, DOI
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Interesting and Unexpected and Fantastic Fact: for every set of wffs I" and
every wif ¢,

r k@ ifandonlyif T = ¢

5. THE SYSTEM T

Suppose we add to our axiomatic system K the following axiom
T:0P—>P
or, equivalently,

T : P> OP

This gives us the axiomatic system 7. T will have the following axioms:

I ¢, for all theorems of PL, " (PL)
L O(P - Q) - (0P - 0Q) (K)
L OP— P (T)
And the following rules of inference:
all PL valid inferences (PLR)
from = plai, @z, ..., ay], infer = Pl /a2 /@, ... YN/ an] us)
from | ¢, infer | D¢ (N)

Since all the axioms and rules of inference of K are axioms and rules of inference of T, we
retain all the derived rules from §3.

I said above that adding ‘P — <P’ as an axiom was equivalent to adding ‘0P — P’ as
an axiom. That’s because, given this axiomatic framework, we can derive ‘0P — P’ as a
theorem if we take ‘P — <P’ as an axiom, as follows:

1. }—T, P— OP (T
2.k, ~P—> O~P 1(US)
3. I—T ~P — ~0OP 2 (MN)
4k, OP—>P 3 (PLR)

And we can derive ‘P — P’ as a theorem if we take ‘0P — P’ as an axiom, as follows:

L L OP-P (T)

2. £ O~P—>~P 1(US)
3. I—T ~OP — ~P 2 (MN)
4 I—T P— OP 3, (PLR)

Notice that I did not carry over the axiom D, ‘OP — <P’ That is: (D) is not among the
axioms for the system 7T'. The reason for this is that, given (T'), (D) is redundant. We can
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w1 w2 w3
- €¥—m——— o

O O O

FIGURE 4. A T-frame consisting of the worlds wy, wy, and w3, and an accessibil-
ity relation R such that Rwywy, Rwows, Rwowy, and Rwiws.

derive (D) as a theorem within 7. To see this, just extend the axiomatic proof above with
an application of hypothetical syllogism.

1. I—T OoP— P (T)
4. EP->OP 3, (PLR)
5. I—T OP — OP 1, 4 (PLR)

5.1. Semantics for T. If we require that the accessibility relation R be reflexive—that is, that
every world sees itself—then we get a semantics for the system 7.

A T-frameisapair < W, R > of aset of worlds W and a reflexive binary relation R € W x W.
Recall,

REFLEXIVE:
A binary relation R C A X A is REFLEXIVE iff, for all a € A, Raa.

Ya Raa

A sample T-frame is shown in figure 4.

A T-model is a triple < W, R, .# > consisting of a T-frame < W, R > and an interpretation
function .#, from pairs of atomic wits of PML and worlds w € W to {1, 0}.

Given a T-model < W, R, .# >, we construct a valuation function V) in precisely the same
way we did for K-models and D-models. That is: for every world w € W, every atomic wit

ar 0

"o, and every pair of wifs r(b RN V/AN

(1) Vu(a,w) =1iff I (a,w) = 1.

(2) Vu(~¢,w) = 1iff Vy (¢, w) = 0.

(3) V(o w) = 1iff Vi (¢,w) = 0or Vy (¢, w) = 1.
(

-y,
(4) Vm(Og,w) = 1iff, for every w’, if Rww’, then Vy, (¢, w’) = 1.
5.2. T-Consequence. We will say that "¢ ' is a T-consequence of a set of wffs T, or that the
argument from I'to "¢ ' is T-valid,

I'=o¢
T
iff there is no T-model < W, R, .# >, with some w € W, such that V,(y, w) = 1 for every
y € I, yet Vi (¢, w) = 0. Or, equivalently: iff for every world in every T-model at which

all the premises in T are true, ¢ is true as well.
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And we will say that a wff "¢ ' is a T-tautology, or T-valid, written
¢

if and only if "¢ ' is true at every world in every T model.

Interesting and Unexpected and Fantastic Fact: for every set of wffs I" and
every wif ¢,

't ¢ if and only if I'e¢

5.3. Establishing Validity in 7. If we wish to show that an argument from the premises in
T to the conclusion "¢ is T-valid, we may provide a semantic proof. Suppose, for instance,
that we wish to show that

[ O(~PVOP)

We may do so with a semantic proof like the following:

1. Suppose that there is a T-model < W, R, . >, with some arbitrary w € W, Assumption
such that Vy,(O(~PV OP),w) = 0.

2. Then, Vy (O(~PV OP),w) = 0. 1, AE

3. Soitis not the case that Vy (O(~PV OP),w) = 1 2, bivalence

4. Soitis not the case that, for all ', if Rww’, then Vy, (~PV OP,uw’) = 1. 3, def. T’

5. So, there is some w’ such that Rww’and it is not the case that Vi (~PV 4, QL
OP,w') = 1—callit ‘X’

6.  So Rwx and it is not the case that V,(~P Vv OP, x) = 1. 5

7. Soitis not the case that Vy,(~P Vv OP,x) = 1. 6, \E

8. SoVy(~PVOP,x)=0 7, bivalence

9. So Vy(~ Px)—OandVM(OP x) = 0. 8, def. v

10.  So Vp(~P,x) = 9, AE

1. So Vyu(P,x) = 1. 10, def. ~’

2. Vyu(OP,x)=0. 9, AE

13.  So it is not the case that V((OP,x) = 1. 12, bivalence

14. Soitis not the case that there is some w’ such that Rxw’ and Vy (P, w’) = 1. 13, def. ‘O’

15.  So, forall w’, if Rxw’, then it is not the case that Vy (P, w’) = 1. 14, QL

16.  So, if Rxx, then it is not the case that V( (P, x) = 1. 15, QL

17.  Rxx def. T-model

18.  So it is not the case that V\, (P, x) = 1. 16,17, MP

19. ButVy(P,x) =1 1

20. Our assumption that there is a 7-model < W, R, .# >, with some w € W, 18,19.
such that Vy,(O(~P Vv OP),w) = 0 has led to a contradiction.

21. Therefore, there is no T-model < W, R, .¢ > with some w € W, such that 20, ~I
Vi (B(~PV OP),w) = 0.

The following semantic proof shows that P |= OP.



NOTES ON PROPOSITIONAL MODAL LOGIC 31

1. Suppose that there is an arbitrary T-model < W, R, .# >, with some arbi- Assumption
trary w € W, such that V (P, w) = 1.

2. Then, Vo (P,w) = 1. 1, AE

3. Ruw def. T-model
4. So, Rww and Vy((P,w) = 1 2,3, Al

5. So, there is some w’ such that Rww’ and V, (P, w’) = 1 4, QL

6. So, Vu(OP,w) =1 5, def. <O’

7. So, if there is an arbitrary T-model < W, R, .# >, with some arbitrary 1-6, = I

w € W, such that V\((P,w) = 1, then V((OP,w) = 1 as well.
8. So, for any T-model < W, R, . >and anyw € W, if Vi (P, w) = 1,then 7 QL
Vi (OP,w) = 1 as well.

5.4. Establishing Invalidity in 7. In order to establish that an argument from the premises
in I to the conclusion rqﬁ1 is invalid in 7, that is, that T |#D ¢, it is enough to provide a
T-model < W, R, .# > in which all of the premises in I are true at some world in W, yet
"¢ is false at that world. For instance, suppose that we wish to show that

(P} |5 OOP

We may do so with the following 7-model:

W = {wi, w2} P " Iy
R ={<wj,w; > <wi,wy >, < wy,wy >} O O
F(P,w) =1
j(P,wz) =0

In this model, Vi (P, w;) = 1 andVy (OP,wy) = 0, since wy only sees itself, and P is false
at wyp. Thus, there is some world that w; sees at which ‘OP’ is false. So it is not the case
that “OP’ is true at every world that w; sees, so Vy, (OOP,w;) = 0. So ‘P’ is true at wy, yet
‘OCP is false at wy. So {P} I#T ooP.

Alsoin T,
{OOP} |#T OP

Consider the following 7-model:

W = {wi, w2, w3}
wy w)

R ={<wp,w > <w,wy > <wy,wy >,

<w, w3 >, < w3, w3 >} O O

J(P,wl) =0
f(P,wz) =0
f(P,w3) =1

In this model, Vi (OP, wy) = 1, since w sees w3, and Vi, (P, w3) = 1. Therefore, there is
a world that w; sees at which ‘O P’ is true. So ‘OCP” is true at wy, Vo, (OOP, wy ). However,
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‘P’ is not true at any world that w; sees, so “OP’ is false at wy, Vi (OP,w;) = 0. So, at wy,

‘OCOP is true yet “OP’ is false.

5.5. Natural Deduction for 7. To achieve a natural deduction system for 7', we may take
the natural deduction system for K and add to it the following rules of inference:

This rule says: if you have "O¢" written down on an accessible line, then you may write
down "¢ . When you do so, you should write the line that "O¢ ' appeared on and ‘0E’

This rule says: if you have "¢ ' written down on an accessible line, then you may write down
"O¢'. When you do so, you should write the line that "¢ ' appeared on and ‘OI’. Note that
the rule D! from the natural deduction system for D does not exist in our new natural
deduction system for 7. That is because it is now redundant. We can derive ‘CP’ from ‘0P’
by, first, an application of OE, and next, an application of <1, like so:

1 apP
2 P 1, OF
3 OP 2, OI

Here is a T-derivation establishing that

P I—TD SOOOP
1 P
2 7P 1, O
3 OOP 2, O
4 SOOP 3, I
5 OOOOP 4, Ol
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Here is a T'-derivation establishing that |- O (~PVOP).

1 B ~(~PV OP) A(~E)
2 o P A(~)
3 71’ 2, Of

4 ~PVOP 3, VI

5 (~PVOP)A~(~PV OP) 1, 4, Al
6 ~P 2-5, ~1
7 ~PVv OP 6, VI

8 (~PVOP)A~(~PV OP) 1,7 Al
9 ~PVOP 1-8, ~E
10 O(~PVOP) 1-9, 01

The following 7'-derivation establishes that |- O(0(P — Q) — (P — ©Q))

17| o(P-0) A= 1)

2 e A(= 1)

3 = 0] 1, OF

4 0 2,3 E
5 S0 4,1

6 P— OQ 2-5,— [
7 | O(P->0Q) - (P>00) 161
8§ tO(P-Q) - (P—>0Q) 1300

Here is one showing that {OP} I—TD <&OCP:

1 opP

2 ? P 1, OR

3 OP 2,01

4 aorP 2-3, 01
5 SOOP 4, 1

And here is a T-derivation establishing that |- (0P — ¢Q) — O(P — Q).
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1 OP - <0 A(> 1)

2 || ~oPo0) A(~E)

3 ?~(P - 0) 2, MN

4 B ~(P- Q) 3, 0R

5 ~P A(~E)

6 o P A=)

7 ~0 A(~E)

8 PA~P 5,6, Al

9 (0] 7-8, ~E
10 P—-Q 6-9, > [
1 (P> Q)A~(P—> Q) 4,10, Al
12 P 5-11, ~E
13 op 4-12, 01
14 S0 1,13, > E
15 °l o A(QE)
16 o P A(= 1)
17 0 15, R

18 P—-0Q 16-17, — 1
19 O(P— Q) 14, 15-18, OF
20 O(P - Q) A~O(P - Q) 2,19, Al
21 O(P— Q) 2-20, ~E
22 (AP -5 CQ) > O(P-> Q) 1-21, - [

Interesting and Unexpected and Fantastic Fact: for every set of wits I and

every wif ¢,

'k, ¢ ifandonlyif T E¢
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6. THE SYSTEM B

Suppose we add to our axiomatic system 7 the following axiom
B : P—OCP
or, equivalently,

B :COP—> P

This gives us the axiomatic system B. B will have the following axioms:

'79 ¢, for all theorems of PL, r(;ﬁ1 (PLT)
= O(P = 0) = (0P - 0Q) &)
|7; oP—->P (T)
| P — 0OOP (B)
And the following rules of inference:
all valid PL inferences (PLR)
from k ¢lar,az,...,an], infer | ¢ly1/a1,y2/az,....¥n/an] (Us)
from F ¢, infer | O¢ (N)

Since all the axioms and rules of inference of K are axioms and rules of inference of B, we
retain all the derived rules from §3.

I said above that adding ‘OCOP — P’ as an axiom was equivalent to adding ‘P — OOP’ as
an axiom. That’s because, taking ‘P — OCP’ as an axiom, we can derive ‘COP — P

1L | P—OOP (B)

2 |73 ~P —» OO~P 1(US)

3 }73 ~P — O~0OP 2 (MN)
4. b ~P—~O0OP 3 (MN)
5 I—B SOP —» P 4 (PLR)

And we can derive ‘P — OOP’ as a theorem if we take ‘OOP — P’ as an axiom, as follows:

1. b OOP->P (B")

2 I—B, OO~P — ~P 1(US)
3 IT;, O~OP — ~P 2 (MN)
4. I—B, ~O00P — ~P 3 (MN)
5 I—B, P — OOP 4 (PLR)

6.1. Semantics for B. If we require that the accessibility relation R be reflexive and symmet-
ric—that is, that every world sees itself and every world sees all the worlds that see it—then
we get a semantics for the system B.

A B-frame is a pair < W, R > of a set of worlds W and a reflexive and symmetric binary
relation R € W x W. Recall,
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w1 wy w3 Wy
[ ] % L] % L]

O &) O O

FIGURE 5. A B-frame consisting of the worlds wy, wy,, w3, and wy, and an ac-
cessibility relation R such that Rwjwi, Rwjwz, Rwaws, Rwywi, Rwows, Rwsws,
Rwswy, and Rwawy.

REFLEXIVE:
A binary relation R € A X A is REFLEXIVE iff, for all a € A, Raa.

Ya Raa
SYMMETRIC:
A binary relation R C A X A is syMMETRIC iff, for all @, b € A, if Rab, then
Rba.

YaVb (Rab — Rba)

A sample B-frame is shown in figure s.

A B-model is a triple < W, R, .# > consisting of a B-frame < JV, R > and an interpretation
function .#, from pairs of atomic wits of PML and worlds w € W to {1, 0}.

Given a B-model < W, R, .# >, we construct a valuation function V), in precisely the same
way we did for K-models, D-models, and 7-models. That is: for every world w € W, every
atomic wff o, and every pair of wifs "¢, ",

(1) Vu(a,w) =1iff I (a,w) = 1.
(2) Vu(~¢,w) = 1iff Vy (¢, w) = 0.
(3) VM( = yw) = 1iff Vi (¢, w) = 0or V(v w) = 1.
Vi (O, w) = 1iff, for every v/, if Rww’, then Vy (¢, w’) = 1.

6.2. B-Consequence. We will say that "¢ is a B-consequence of a set of wffs ', or that the
argument from I to r¢)1 is B-valid,

I'=¢
iff there is no B-model < W, R, . >, with some w € W, such that V((y,w) = 1 for every
v € T, yet Vo (¢, w) = 0. Or, equivalently: iff for every world in every B-model at which
all the premises in T are true, ¢ is true as well.

And we will say that a wff ¢ is a B-tautology, or B-valid,
¢

B

if and only if "¢ ' is true at every world in every B model.
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Interesting and Unexpected and Fantastic Fact: for every set of wffs I" and
every wif ¢,

r k¢ ifandonlyif T = ¢

6.3. Establishing Validity in B. If we wish to show that an argument from the premises
in T to the conclusion "¢ is B-valid, then we may provide a semantic proof. Suppose, for
instance, that we wish to show that

|:B<>DP—>P

1. Suppose that there is a B-model < W, R, .# >, with some w € W, such Assumption
that Vy,(¢0OP — P,w) = 0.

2. Then, Vy (COP — P,w) = 0. L, AE
3. So Vy(©OP,w) =1and Vy (P,w) =0 2, def. ‘=’
4. SoVyu(¢OP,w) = 1. 3, AE
5. So there is some w’ such that Rww’ and V) (OP,w’) = 1—call it X’ 4, def. &’
6. SoRwxand V\((OP,x) = 1. 5
7. SoVy(OP,x) =1. 6, AE
8.  So, forall w, if Rxw’, then Vy((P,w’) = 1. 7, def. T’
9.  So,if Rxw, then V\((P,w) = 1 8, VI
10. Rwx 6, AE
11.  If Rwx, then Rxw def. B-model
12.  So Rxw 10, 11, MP
13. So Vy(P,w) =1 9,12, MP
14. But Vy (P,w) =0 3, AE
15.  So it is not the case that Vy (P, w) = 1 14, bivalence
16.  Our assumption that there is a B-model < W, R, .# >, withsomew € W, 13,15

such that Vy(©OP — P,w) = 0 has led to a contradiction.
17.  So there is no B-model < W, R,.# >, with some w € W, such that 16, ~I

Vu (OOP - P,w) = 0.

6.4. Establishing Invalidity in B. In order to establish that an argument from the premises
in T to the conclusion "¢ is invalid in B, that is, that T I~ ¢, it is enough to provide a
B-model < W, R, .# > in which all of the premises in I are true at some world in W, yet
"¢ is false at that world. For instance, suppose that we wish to show that

{OP} = aoP
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We may do so with the following B-model:
W= {wi, w, w3}
R ={<w,w > <wy,wy > <ws3, w3 >,

<wp,wr >, <wp,wy >, < W, w3 >, < w3, wp >J

ﬂ(P,wl) =0

J(P,wz) =0

f(P,wg) =1
w1 wy w3
ce— > . . P

O O

In this model, Vy((P,w3) = 1 and w; sees w3, so Vi (OP,w;) = 1. So “OP is true at wy.
However, ‘P’ is false at wy and w,— V) (P, w;) = 0and Vj( (P, w;) = 0—and w; and w; are
the only worlds that w; sees. So ‘OP’ is false at w1 —Vy, (OP,w;) = 0. Therefore, there is
some world that w; sees at which ‘O P’ is false. So ‘OO P is false at wp—Vy (OCP, wy) = 0.
So wy is a world at which ‘O P’ is true, yet ‘TP’ is false.

The same model shows that

{OOP) V_; OP
For ‘OP’ is true at wy, and wy sees wy, so ‘OCOP’ is true at wy. However, ‘P’ is not true at any
world that wy sees, so “OP’ is false at wy. So w; is a world at which ‘COP’ is true, yet ‘OP
is false.

6.5. Natural Deduction for B. To achieve a natural deduction system for B, we may take
our natural deduction system for T" and add to it a single new rule of inference:

B3I

This rule says: if you have a wff "¢ ' written down outside of the scope of a strict subproof,
then you may write down "¢ within the scope of that strict subproof.

Here is a B-derivation establishing that the B-axiom is a theorem in this derivation system.

I—BD P - OoP
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1 P

2 Bl op

3 aopP

4 P-0OOP

A=)
1, BOI
2—2, 0]

1-3,— 1

Here is a B-derivation establishing that |- = COP — P.

1 oaP A>T
s || ~p A(~E)
3 o O~P 2, BOI
4 ~ap 3, MN
5 o~0P 3—-4, OI
6 ~oapP 5, MN
7 SOP A ~OOP 1, 6, Al
8 P 2-7,~F
9 <COP-—>P 1-8, = [
And here is one showing that {OP, 00} |- O(OOPA Q).

1 OP

2 oQ

3 o 0 2, 0R

4 OOP 1, BOI

5 OOPAQ 3, 4, Al

6 O(OOP A Q) 3-5, OF

7. THE SYSTEM S4

Suppose we add to our axiomatic system 7' the following axiom

S4 : OP—-0O

or, equivalently,
S4 : OOP —

oprP

OP

39
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This gives us the axiomatic system S4. S4 will have the following axioms:

I—S4 #, for all theorems of PL, ¢ (PL)
|_S4|:|(P_>Q)—>(E|P—>DQ) (K)
|—S4 oP—- P (T)

opP — OOp (S4)

S4

And the following rules of inference:

all PL-valid inferences (PLR)
from I—s4 ¢[a’1,(12, - ,(XN], infer I—S4 ¢[lﬁ1 /ay, ¥ /as, ... ,sz/aN] (Us)
from I—S4 ¢, infer |€4 O¢ (N)

Since all the axioms and rules of inference of K are axioms and rules of inference of S4, we
retain all the derived rules from §3.

Notice that we did not include the axiom (B). Nor is (B) a theorem of this system. For each
of the previous axiomatic systems, we have been enlarging the number of theorems. That is,
forany "¢ of PML,if ¢ isa theorem of K, then it is a theorem of D; if ¢ is a theorem
of D, then it is a theorem of T’; and if "¢ " is a theorem of T, then it is a theorem of B.

Lo =he =Es =k
This is not true of B and S4. Not every theorem of B is a theorem of S4,

Lo =k, ¢

S4

and not every theorem of S4 is a theorem of B
¢ »5¢
Nevertheless, if "¢ is a theorem of T, then it is a theorem of S4:

ke =heé =h¢ =K¢
I said above that adding ‘COP — OP’ as an axiom was equivalent to adding ‘0P — OOP
as an axiom. That’s because, given this axiomatic framework, we can derive ‘COP — OP’
as a theorem if we take ‘0P — OOP’ as an axiom, as follows:

1. |—S4 OopP — OOP (S4)

2. |—S4 O~P — OO~P 1(US)

3. I—S4 ~OP — O~OP 2 (MN)
4. I—S4 ~OP — ~OOP 3 (MN)
5. k5, OOP > OP 4 (PLR)

And we can derive ‘OP — OOP’ as a theorem if we take ‘OOP — O P’ as an axiom:
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1. |—S4, OOP —» OP (S¢")

2. |—S4, OO~P — O~P 1(US)

3. |_54' O~0P — ~0OP 2 (MN)
4. |—S4, ~O00P — ~0OP 3 (MN)
5. ,OpP— 0OP 4 (PLR)

[

4

With the axiomatic system S4, the addition of extra modal operators of the same kind makes
no difference. That is: if you have a wff of the form "< -+~ O¢ |, that wif is equivalent to
one of the form "¢ . And if you have a wff of the form "0O0 - - - Og ', that wff is equivalent
to one of the form "O¢ . That is: for any wff of PML "¢,

k, 00 0g & Op

and
L O0---0¢ & O¢

4

To see this, note that, for any wff ¢, the following are theorems of S4:

5, 00¢ & O¢ (sle))
[, 00 & Of (©C)

(I've named these theorem schemata ‘(0C)’ and ‘(¢ C)’ for ‘box collapse’ and ‘diamond col-
lapse, respectively.) Here are the proofs of these schemata (for any "¢ ):

1. |, 0P —00P (S4)

2. |, O¢ — 00 1(US)

3. I—S4 oP—- P (T)
4.k, 004 — ¢ 3(US)

5. k5, 00¢ < 0O¢ 2, 4 (PLR)
1. I—S4 OOP — OP (S4")

2. I—S4 OOPp — O 1(US)

3. }?4 P— OP (T")

4. |—S4 Op — OO 3(US)

5. I—S4 OOP & O 2, 4 (PLR)

To see how this allows us to show that any wif of the form "GO - O¢' is equivalent to
one of the form "©¢ ", let’s walk through an example (hopefully this will make it clear how
to provide a more rigorous proof by mathematical induction, but I won’t bother to provide
it here): Using instances of the theorem schema ($C), we may show that ‘COOOP is
equivalent to ‘OP”:

1 |—S4 OOP & OP (<0)
2. |—S4 OOOP & OP 1(SE)
3. |—54 OOOOP & OP 1,2 (SE)
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w1 w3 Wy

> o .

&) 78, O

o W)

O

FIGURE 6. An S4-frame consisting of the worlds wy, w2,, w3, and wy, and an
accessibility relation R such that Rwjw;, Rwjwa, Rwaws, Rwaws, Rwiws, Rwsws,
and Rwawy.

Inline 2 of this proof, I applied the rule (SE) to line 1 of the proof by replacing the occurrence
of ‘OP’ on the left-hand-side with ‘OCP. This is allowed by (SE) since line 1 tells us that
‘OP and ‘“OOP are equivalent.

7.1. Semantics for S4. If we require that the accessibility relation R be reflexive and transi-
tive—that is, that every world sees itself and every world sees the worlds seen by the worlds
it sees—then we get a semantics for the system S4.

An S4-frame is a pair < YW, R > of a set of worlds WV and a reflexive and transitive binary
relation R € W X W. Recall,

REFLEXIVE:
A binary relation R C A X A is REFLEXIVE iff, for all a € A, Raa.

Ya Raa

TRANSITIVE:
A binary relation R C A X A is TRANSITIVE iff, for all a, b, ¢ € A, if Rab and
Rbc, then Rac.

YaVb¥c ((Rab A Rbc) — Rac)

A sample S4-frame is shown in figure 7.

An S4-model is a triple < W, R, . > consisting of an S4-frame < WV, R > and an interpre-
tation function .#, from pairs of atomic wifs of PML and worlds w € W to {1, 0}.

Given an S4-model < W, R, . >, we construct a valuation function V), in the usual way:

for every world w € W, every atomic wff @, and every pair of wifs "¢, "¢,

(1) VM(G’, w) =1iff #(a,w) = 1.

Vi (~¢,w) = 1iff Vi (¢, w) = 0.

(3) VM(¢ Yow) = 1iff V(¢ w) = 0or Vi (y,w) = 1.

(4) Vi (Og, w) = 1iff, for every w’, if Rww’, then Vi, (¢, w’) = 1.
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7.2. S4-Consequence. We will say that rgb1 is an S4-consequence of a set of wffs T, or that
the argument from I' to "¢ ' is S4-valid,

Ik, ¢

S4
iff there is no S4-model < W, R, .# >, with some w € W, such that Vy((y,w) = 1 for every
y € T, yet Vi (¢, w) = 0. Or, equivalently: iff for every world in every S4-model at which
all the premises in T are true, ¢ is true as well.

And we will say that a wff "¢ is an S4-tautology, or S4-valid,
K ¢

S4

ifand only if "¢ ' is true at every world in every S4 model.

Interesting and Unexpected and Fantastic Fact: for every set of wffs I" and
every wif ¢,

r |—S4 ¢ ifandonlyif T |:s4 1)

7.3. Establishing Validity in S4. If we wish to show that an argument from the premises
in T to the conclusion "¢ ' is S4-valid, then we may provide a semantic proof. Suppose, for
instance, that we wish to show that

|:s4 OOP — OP

1. Suppose that there is an S4 model < W, R, .¥ >, with some w € W  Assumption
such that V (OOP — OP,w) = 0.

2. Then, Vy (OOP - OP,w) =0 1, AE

3. So Vy (OOP,w) = 1and Vy (OP,w) =0 2, def. —
4. So Vi (OOP,w) = 1. 3, AE

5. So there is some w’ such that Rww’ and Vi (OP,w’) = l—callit'x’ 4, def. &
6. SoRwxand Vy (OP,x) = 1. 5

7 SoVy(OP,x) =1. 6, AE

8.  So there is some w’ such that Rxw’ and Vy (P, w’) = 1—call it 'y’ 7, def. ©
9. SoRxyand Vy(P,y)=1. 8

10. Rwx 6 AE

1.  Rxy 9 AE

12.  So Rwx and Rwy 10, 11 A
13.  If Rwx and Rxy, then Rwy. def. S4-model
14. So Rwy 12,13 MP
15. And Vy(P,y) = 1. 9 AE

16.  So Rwy and V((P,y) = 1. 14,15 Al
17.  So there is some w’ such that Rww’ and Vy((P,w’) = 1. 16 3G

18. So Vi (OP,w) = 1. 17, def. ©
19. But Vi (OP,w) = 0. 3, AE
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20. So it is not the case that Vi (OP,w) = 1. 19, bivalence
21.  Our assumption that there is an S4 model < W, R, .# >, with some 18, 20

w € W such that V (COP — OP,w) = 0 has led to a contradiction.
22.  So there is no S4 model < W, R, .¥ >, with some w € W such that 21, ~/

Vu (OOP — OP,w) = 0.

7.4. Establishing Invalidity in S4. In order to establish that an argument from the premises
in T to the conclusion "¢ is invalid in S4, that is, that T b&S4 ¢, it is enough to provide an
S4-model < W, R, .# > in which all of the premises in I are true at some world in W, yet
"¢ is false at that world. For instance, suppose that we wish to show that

(P}, OOP

We may do so with the following S4-model (which is just the T-model from §5.4):

W = {wi,w) P 2
R ={<wi,w > <wi,wy >, <wy,wy >} (_) O
S (P,wy) =1
S (P,wp) =0

‘P’ is true at wy in this model. However, since w, sees only itself, and ‘P’ is false at wy, ‘OP’
is false at wy. And w; sees wy, so wy sees a world at which ‘O P’ is false. So “OP’ is not true
at every world that w; sees. So ‘TOCP is false at wy. So the premise of our argument is true
at wy, yet the conclusion is false at wy. This is an S4-model, so the argument is S4-invalid.

The same model shows that
(OP} I, OOP

For ‘OP’ is true at wy, since w; sees itself. However, ‘0 P’ is still false at wy, since it sees
the world w,, where ‘OP’ is false.

7.5. Natural Deduction for S4. To get a natural deduction system for S4, we will take our
natural deduction system for 7 and add to it a single rule of inference. (Note: we are not
free to use the rule BOT from the natural deduction system for B—we are adding S4R to the
natural deduction system for T’; and not the natural deduction system for B).
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This rule says: if you have a wff of the form "¢ ' outside of the scope of a strict subproof,
then you may reiterate ' O¢ ' within that strict subproof (whether it is a box or a diamond

strict subproof).

Here is an S4-derivation showing that the S4 axiom ‘0P — OOP’ is a theorem of this natural

deduction system.

1 apr
2 ol op
3 ogop
4 OP—OOP
So too is ‘COP — OP:
1 OOP
2 o ~OP
s || oep
4 ¢l op
; o-p
6 ~OP
7 ~P
8 OPA~OP
9 P
10 OP
1 OPA~OP
12 OP
13 OOP—->OP
We may also show that Ko goP — OCOCP:
1 aopP
2 EN aopP
3 oOOP
4 goooP
5 OOP — O0OC0P

A(— 1)
1, S4R
2-2, 071

1-3, > [

A(— 1)
1, S4R
2, O
2—-3, 01

1-4, > [
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Here’s an S4-derivation to show that |5 | 0O(OP - Q) » O(0OP — OQ):

1 0(0OP - Q) A=)
2 o 0(aOP - Q) 1, S4R

3 opP A(> 1)
4 o 0O(aOP - Q) 2, S4R

5 OopP—Q 4, 0E

6 opP 3, S4R

7 0 5,6,— E
8 oQ 4-7,01
9 apP — 0OQ 3-8, =1
10 0O(0P — 0Q) 2-9, 01

u  0O(0P- Q) - 0O(0P—0OQ) 1-10, > [

And, finally, here’s an S4-derivation to show that {P — OQ} |—S4D P — O(R—- 0OQ):

1 P - 0OQ

2 o P A=)
3 FQ 1,2, > FE
4 °l Do 3, S4R

5 R A(= 1)
6 oQ 4R

7 R— 0OQ 5-6, > [
8 O(R - 0Q) 4-7 01
9 P — O(R— 0Q) 2-8,—> [

8. THE SYSTEM S5

Suppose we add to our axiomatic system 7' the following axiom
S5 : OP - OOCP

or, equivalently,
Ss’ . oOP — OP
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This gives us the axiomatic system Ss. S5 will have the following axioms:

|_55 ¢, for all theorems of PL, r(;&1
= O(P - ) > (0P - 0Q)
L, OP—-P

OP — OOP

v

S

v

And the following rules of inference:

all PL-valid inferences

(PL)
(K)
(T)
(Ss)

(PLR)

from | dlar, az, ..., ay], infer ks, ol /a1, 2/ az, ... N/ an] (US)

from l_ss ¢, infer |—SS O¢

(N)

Since all the axioms and rules of inference of K are axioms and rules of inference of S5, we

retain all the derived rules from §3.

Above, I said that adding the axiom ‘COP — OP’ to T was equivalent to adding ‘OP —
OOP to T. That’s because we can derive ‘COP — OP’ as a theorem in Ss:

1. |—SS OP — OOP
l_s; O~P — OO~P
|5, ~0P — 0~0P
l_Ss ~OP — ~O0OP
}—Ss COp — OP

v e

(Ss)
1(US)
2 (MN)
3 (MN)
4 (PLR)

And, if we take ‘COP — 0P as an axiom, then we may derive ‘OP — OOP’ as a theorem:

1. I—SS, oOpP — OP
2. l_s;' SO~P — O~P
3. l_s;' O~OP — ~OP
4. l_s;' ~OO0P — ~OP
5. ,OP —» OOP

7

5

(S5")
1(US)
2 (MN)
3 (MN)
4 (PLR)

Note that we didn’t include either the B axiom or the S4 axiom in the system S5. However,
both of these axioms are theorems of S5. Here is a proof showing that the B axiom is a

theorem in Ss:

1. |—SS opP — P

2. |—SS O~P —> ~P
3. l_s; ~OP — ~P
4. |—SS P—-OP

5. |—SS OP — OOP
6. |—SS P — OOP

(T)
1(US)

2 (MN)

3 (PLR)
(Ss)

4,5 (PLR)

If we extend the above proof, we may show that the S4 axiom is a theorem in Ss:
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. l_s; opP — <oOP 4(US)

8. K, OOP—DP (S5")

9. l_s; OP < <o0OP 7, 8 (PLR)
10. l_ss aop —» OoOP 6 (US)
11. OP — OOP 9,10 (SE)

Ss

(On line 8, I appealed to the fact that (S5") is a theorem in S5, since we already established
this above.)

So both (S4) and (B) are redundant axioms for the system Ss. In fact, adding the (S5) axiom
to the system T is equivalent to adding both the (S4) axiom and the (B) axiom to T. We
have already shown that adding (Ss) to T brings along both (S4) and (B) as theorems. We
will now show that adding to 7 both the axiom (S4) and the axiom (B) brings along (Ss) as
a theorem:

1. I—TBS4 OOP —» OP (S4)
2. I—TBS4 P—OP (T
3. I—TBS4 OP — OOP 2 (US)
4. |_TBS4 OP & OOP 1,3 (PLR)
5. b P—OOP (B)
TBS4
6. I—TBS4 OP — O0OOP 5(US)
7. I—TB54 OP — OOP 4, 6 (SE)

(I used (T”) on line 2 because we have already shown that (7”) follows from (7').) This
establishes that everything which can be proved in the system S5 may be proved in the system
TBS4 (the system which results from adding (B) and (S4) to the system T'). That’s because—
as we've just shown—all the axioms of S5 are either axioms or theorems of 7BS4, and all the
rules of inference of S5 are rules of inference of 7BS4. And we have already shown above
that everything which can be proved in the system TBS4 may be proved in Ss. That’s because
we showed above that all of the axioms of TBS4 are either axioms or theorems of Ss, and all
the rules of inference of TBS4 are rules of inference of Ss. So what we’ve shown is that Ss
and TBS4 are equivalent, in the following sense: for any set of wffs I and any wff ¢,

r I—TBS4 ¢ ifandonlyif T l_ss 1)

In fact, once we have the axioms (B) and (S4), we no longer need the full strength of axiom
(T). We could get by with just (D), (B) and (S4). The system which we get by adding to K
the axioms (D), (B) and (S4)—call that system ‘DBS4’—is also equivalent to S5. We have
already shown that (B) and (S4) are theorems of Ss; Since (T') entails (D), (D) will also be a
theorem of S5. We will now show that (7”), which is, recall, equivalent to (T), is a theorem
of DBS4. Since (Ss) follows from (T'), (B), and (S4), this shows that (Ss) is a theorem of
DBS4.
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. - P—OOP (B)
DBS4

2. I—DBS4 opP — OP (D)

3. I—DBS4 OoP — OOP 2 (US)

4 b, P OOP 1,3 (PLR)

5. I—DBS4 OOP —» OP (S4")

6. b P—OP 4,5 (PLR)
DBS4

(In the proof above, I used (S4’) instead of (S4), since we have already shown that they are
equivalent.) Therefore, DBS4 is equivalent to S5. That is: for any set of wits I and any wff

¢
I'

DBS4

¢ ifandonlyif T K, ¢

With the axiomatic system S, the addition of extra modal operators beyond the first makes
no difference, no matter what those modal operators are. That is: if you start with a modal-
ized wff, then no matter how many additional modal operators you tack on, you will always
get something that is equivalent to the modalized wif you started out with. Lets use ‘A’ as a
metavariable which ranges over modal operators—that is, A" can refer to either ‘0" or ‘O’
Then, for any wff of PML rqu,

E AA---A0¢ < O¢

Ss
and
l_s5 AL AOP & O
To show this, we will first show that, for any wff "¢, the following are theorems of Ss:

|—SS O00¢ & <o
f;, D0¢ © 06
K, ©0¢ © O¢
I—S5 OO¢ & O¢
(I've named these theorem schemata ‘(OC)’ for ‘operator collapse’) The following proof
schemata establish these theorems, for every "¢ (the second and third are just the ones we

(0C)

saw from the system S4 above):

1. l—55 OP — OOP (Ss)

2. I—SS O¢ — OOP 1(US)
3K, OoP— P (T)

4. I—SS 00 — <o 3(US)
5k, O00C¢ & <o 2, 4 (PLR)
1. |_55 OopP — OOP (S4)

2. I—S5 O¢ — O0¢ 1(US)

3. l_ss OoP—> P (T)

4 k5, B84 — Og 3(US)

5. O0¢ < O¢ 2, 4 (PLR)

w»
v
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1. |§s OOP — OP (S4")

2. I—Ss OOPp — O 1(US)

3. I—SS P - OP (1)

4. l—sS O - OOP 3(US)

5. I—S5 OOP & O 2, 4 (PLR)
1. l_ss <oapP — OP (Ss”)

2. I—S5 CO¢ — O¢ 1(US)

3. I—S5 P— OP (T

4. |—55 O¢ — <©0¢ 3(US)

5. k5, ©0¢ « D¢ 2,4 (PLR)

To see how this allows us to show that any wff of the form " Aa - - - AG¢ " is equivalent to one
of the form " ©¢ " (and similarly for A --- AO¢ and " O¢ ), let’s walk through an example
(hopefully this will make it clear how to provide a more rigorous proof by mathematical
induction, but I won't bother to provide it here): Using instances of the theorem schemata
(0OC), we may show that ‘OOOCCOOP is equivalent to “OP:

1. |—SS OOP & OP (00)
2. |—SS OOOP « OOP (00)
3. I—Ss SOOP & OP 1,2 (SE)
4 |k, OOOOP & OOOP (0C)
5. I—SS OOOOP & OP 3, 4 (SE)
6. |—SS OoOOOP & OOO0P (oc)
7.k, OOOOOP & OP 5,6 (SE)
8. |—SS OO0oCOOOP « OOCOOP (0oC)
9. OOOOOOP & OP 7,8 (SE)

©»
v

8.1. Semantics for Ss. If we require that the accessibility relation R be reflexive and eu-
clidean—that is, that every world sees itself and all the worlds that it sees see each other—
then we get a semantics for the system Ss.

An Ss-frame is a pair < W, R > of a set of worlds WV and a reflexive and euclidean binary
relation R € W x W. Recall,

REFLEXIVE:
A binary relation R C A X A is REFLEXIVE iff, for all a € A, Raa.

Ya Raa

EUCLIDEAN:
A binary relation R € A X A is EUCLIDEAN iff, for all a, b, c € A, if Rab and
Rac, then Rbc.

YaV¥bVc ((Rab A Rac) — Rbc)
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w1 w3 Wy

>

A

&) 78, O

o Wp

O

FIGURE 7. An S5-frame consisting of the worlds w1, ws,, w3, and wy, and an ac-
cessibility relation R such that Rwjw;, Rwjwz, Rwiws, Rwywi, Rwowa, Rwyws,
Rwswi, Rwswy, Rwiws, and Rwawy.

A sample Ss-frame is shown in figure 7.

The (Ss) axiom imposes the constraint that the accessibility relation be euclidean; the (7')
axiom imposes the constraint that it be reflexive. Above, we saw that adding (S5) and (7')
to the system K is equivalent to adding (S4), (B), and (T') to K. From the perspective of the
semantics, the reason for this is that any binary relation which is reflexive and euclidean is
automatically symmetric and transitive as well. Here is a predicate logic derivation estab-
lishing that, if a relation R is reflexive and euclidean, then it will be symmetric as well:

1 Vx Rxx

2 Vx Yy Vz ((Rxy A Rxz) — Ryz)

3 o Rab A=)

4 7aa 1VE[x - d]

5 (Rab A Raa) — Rba 2VE[x = a,y > b,z > d]
6 Rab A Raa 3,4 A

7 Rba 5.6 > E

8 Rab — Rba 3-7—1

9 YxVy (Rxy — Ryx) 8VIb - y,a — x|

And here is a predicate logic derivation establishing that, if a relation is euclidean and sym-
metric, then it will be transitive as well.
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1 YxVy (Rxy — Ryx)
2 VxVy ¥z ((Rxy A Rxz) — Ryz)
3 o Rab A Rbc A=)
4 7ab—>Rba 1VYE[x > a,y > b]
5 Rab 3AE
6 Rba 56 > F
7 (Rba A Rbc) — Rac 2VE[x = by > a,z — ¢|
8 Rbc 3AE
9 Rba A Rbc 6,8 Al
10 Rac 79— E
1 (Rab A Rbc) — Rac 3-10 —> [
12 Yx Yy Yz((Rxy A Ryz) — Rxz) uVljc - z,b > y,a - x]

Finally, we will show that, if a binary relation is symmetric and transitive, then it is euclidean,
too:

1 YxVy (Rxy — Ryx)

2 VxVy ¥z ((Rxy A Ryz) — Rxz)

3 o Rab A Rac A(—1)

4 761[) 3AE

5 Rab — Rba 1VE[x > a,y — D]

6 Rba 4,5 > FE

7 Rac 3AE

8 Rba A Rac 6,7 A

9 (Rba A Rac) — Rbc 2YE[x - b,y = a,7 > ¢|
10 Rbc 8,9 > F

1 (Rab A Rac) — Rbe 3-10 > [

12 VxVyVYz ((Rxy A Rxz) — Ryz) uVljc - z,b > y,a > ]

This shows us that a binary relation is reflexive and euclidean if and only if it is reflexive,
symmetric, and transitive. So another, equivalent, definition of an S5-frame is this: An Ss-
frame is a pair < W, R > of a set of worlds W and a reflexive, symmetric, and transitive
binary relation R € W x W.
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REFLEXIVE:
A binary relation R C A X A is REFLEXIVE iff, for alla € A, Raa.

Ya Raa
SYMMETRIC:
A binary relation R C A X A is syMmMETRIC iff, for all a, b € A, if Rab, then
Rba.
YaVb (Rab — Rba)
TRANSITIVE:

A binary relation R C A X A is TRANSITIVE iff, for all a, b, ¢ € A, if Rab and
Rbc, then Rac.
YaVb¥c ((Rab A Rbc) — Rac)

We also saw that the (7) axiom—which corresponds to the reflexivity of the accessibility
relation—was not needed in the axiomatic system Ss. That is: we saw that, once we had
(B) and (S4), we only needed the weaker (D) axiom in order to get an axiomatic system
with the full strength of S5. From the standpoint of the semantics, the reason for this is that
any binary relation which is serial, symmetric, and transitive is automatically reflexive (and
therefore, euclidean). Here’s a predicate logic derivation showing that any serial, symmetric,
and transitive binary relation is reflexive:

1 Vx 3y Rxy
2 ¥Yx Yy (Rxy — Ryx)
3 Vx Yy Vz ((Rxy A Ryz) — Rxz)
4 ?yRay 1VYE[x — d]
5 Rab 43E[y - b]
6 Rab — Rba 2VE[x - a,y — b]
7 Rba 5.6 > E
8 (Rab A Rba) — Raa 3VE[x > a,y = b,z > d]
9 Rab A Rba 5.7 N
10 Raa 8,9 F
11 Vx Rxx 10 V¥I[a — x]

And since we have already shown that a reflexive, symmetric, and transitive relation is eu-
clidean (and since every reflexive relation is serial), this means that another, equivalent,
definition of an Ss-frame is this: An S5-frame is a pair < W, R > of a set of worlds JV and a
serial, symmetric, and transitive binary relation R € W X W.
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SERIAL:
A binary relation R C A X A is sErIAL iff, for all @ € A, there is some b € A
such that Rab.
Ya 3b Rab

SYMMETRIC:
A binary relation R C A X A is syMMETRIC iff, for all @, b € A, if Rab, then
Rba.

YaVb (Rab — Rba)
TRANSITIVE:

A binary relation R C A X A is TRANSITIVE iff, for all a, b, ¢ € A, if Rab and
Rbc, then Rac.
YaVb¥c ((Rab A Rbc) — Rac)

An Ss5-model is a triple < W, R, .# > consisting of an Ss-frame < VW, R > and an interpre-
tation function ., from pairs of atomic wffs of PML and worlds w € W to {1, 0}.

Given an Ss-model < W, R, . >, we construct a valuation function V) in the usual way.
aor i

That is: for every world w € W, every atomic wff "o, and every pair of wifs "¢, "/,

(1) Vu(a,w) =1iff I (a,w) = 1.
(2) VM( ¢,w) = 1iff Vi (¢, w) = 0.
V(o — v, w) = 1iff Vi (¢, w) = 0or Vy (Y, w) = 1.
(4) VM( ¢, w) = 1iff, for every w’, if Rww’, then Vy (¢, w’) = 1.

8.2. S5-Consequence. We will say that "¢ is an Ss-consequence of a set of wffs T', or that
the argument from I to "¢ is S5-valid,

Ik ¢

Ss
iff there is no Ss-model < W, R, .# >, with some w € W, such that Vy,(y,w) = 1 for every
v € T, yet Vi (¢, w) = 0. Or, equivalently: iff for every world in every Ss-model at which
all the premises in T are true, ¢ ' is true as well.

And we will say that a wff "¢ ' is an Ss-tautology, or Ss-valid,
K ¢

Ss

ifand only if "¢ ' is true at every world in every S5 model.

Interesting and Unexpected and Fantastic Fact: for every set of wits I and

every wif ¢,

T |_ss ¢ ifandonlyif T |:SS 1)

8.3. Establishing Validity in Ss5. If we wish to show that an argument from the premises
in T to the conclusion "¢ is Ss-valid, then we may provide a semantic proof. Suppose, for
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instance, that we wish to show that

I I AR

T S S S e
B ES® N aw KES B ES

¥
@

'ZSs <COP — OP

Suppose that there is an S5-model < W, R, .# >, with some w € W
such that Vy,(¢0OP — OP,w) = 0.

Then, Vi, (COP - OP,w) =0

So Vy (¢OP,w) = 1 and Vi, (OP,w) = 0.

So Vy (¢OP,w) = 1.

So there is some w’ such that Rww’ and Vy (OP,w) = 1—call it x’
So Rwx and Vy (OP,x) = 1.

So Vi (OP,x) = 1.

So, for all w’, if Rxw’, then Vy,(P,w’) = 1.

And V\((OP,w) = 0.

So it is not the case that Vi (OP,w) = 1.

So it is not the case that, for all w’, if Rww’, then Vy, (P, w’) = 1.

So there is some w’ such that Rww’ and Vy (P, w’) # 1—call it ‘y’

So Rwy and V) (P, y) # 1.

So Rwy

And Rwx

So Rwx and Rwy

If Rwx and Rwy, then Rxy

So Rxy

And if Rxy, then V) (P,y) = 1.

So Vy(P,y) = 1.

But Vi (P,y) # 1.

Our assumption that there is an Ss-model < W, R, .# > with some
w € W such that V), (¢OP — OP,w) = 0 hasled to a contradiction.
So that assumption is false, and there is no Ss-model < W,R, .¥ >
with some w € W such that V, (¢OP — OP,w) = 0.
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Assumption

1

2, def. —
3

4, def. &
5

6

7, def. O
3

9, bivalence
10, def. O
11, QL

12

13

6

14,15 Al
def. S5-model
16,17 MP
8, QL
18,19 MP
13

20, 21

22

8.4. Establishing Invalidity in S5. In order to establish that an argument from the premises

in T to the conclusion "¢ is invalid in S5, that is, that T I#SS ¢, it is enough to provide an

Ss-model < W, R, .# > in which all of the premises in I' are true at some world in W, yet
"¢ is false at that world. For instance, suppose that we wish to show that

(P} £ ©DP

We may do so with the following S5-model:

W = {wr, w2} W
R ={<wi,w; > <wy,w >, P c
<wy,wy >, < wy,w >}
F(P,w) =1
S (P,wpy) =0

w3
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‘P’ is true at w; in this model. However, ‘0P’ is false at both w; and w,. ‘OP is false at w;
because wy sees wy and ‘P’ is false at wy; and ‘O P’ is false at wy because w, sees itself, and
‘P’ is false at wy. Therefore, there is no world that w; sees at which ‘OP’ is true. So ‘COP’ is
false at wy. So the premise of this argument is true at w1, yet its conclusion is false at w;. So
the argument is Ss-invalid.

The same model shows that
{OP) |7&SS <ap

For ‘OP’ is true at wy, since w; sees itself. However, ‘COP’ is still false at wy, since ‘0P’ is
false at both wy and w».

8.5. Natural Deduction for S5. To get a natural deduction system for Ss, we will take our
natural deduction system for T and add to it the rule S5R:

SR

This rule says: if you have a wff of the form "O¢ ' outside of the scope of a strict subproof,
then you may reiterate ' O¢ " within that strict subproof (whether it is a box or a diamond
strict subproof); and, if you have a wff of the form "©¢ " outside of the scope of a strict
subproof, then you may reiterate ¢ within the scope of that strict subproof (whether it
is a box or a diamond strict subproof).

Here is an Ss-derivation of the S5 axiom:

1 OP A(—1)
2 (B oP 1, SsR
3 aoP 2-2,0]

4 OP—>OOP 1-3, > [



NOTES ON PROPOSITIONAL MODAL LOGIC 57

And here is an Ss-derivation of (S5”), ‘COP — OP:

1 <ap

2 o ~0OP

3 7~P

4 Ol o~P

5 ~0Op

6 o~OopP

7 ~o0OpP

8 SOP A~OOP
9 apr

10 <OP— 0OP

Here’s a derivation showing that Ko &OP —» OOP

1 oOP

2 EN oOP
3 ¢l opP
4 P
5 OP

6 aop

7 <OOP — OOP

A(=1)
A(~E)
2, MN
3, S5R
4, MN
4-5,01
6, MN
1,7, Al
2-8, ~F

1-9, > [

A(= 1)
1S5R
A(CE)
30FE
2,3-4, OF
2-5, 01

1-6, > 1
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9. RELATIONSHIPS BETWEEN THE SYSTEMS

We may visualize the relationship between the logical systems we have learned with the
following graph.

Here, the arrows correspond to relations of validity preservation. The graph tells us that, if
an argument or a wif of PML is valid in K, then it will be valid in D. If it is valid in D, then
it will be valid in 7. If it is valid in 7', then it will be valid in B, and it will be valid in S4.
And, if an argument or a wif of PML is valid in either B or S4, then it will be valid in Ss.

Validity-preservation is transitive, so the graph also tells us, for instance, that if an argument
or wit of PML is valid in K, then it is valid in B; and that, if it is valid in D, then it is valid in
S5. A common metaphorical way of speaking about validity-preservation is in terms of the
strength of the modal system. If all the validities of the system S are validities of the system
S’, and S’ has more validities besides, then we say that S’ is stronger than S; and that S is
weaker than S”.

There are other modal systems out there. Some of these are weaker than the system K. That
is, there are arguments or wffs that are valid in K which are not valid in these modal logics.
Such modal logics are known as non-normal modal logics. Any modal logic which is at least
as strong as K is known as a normal modal logic. That is: any modal logic L which is such
that all the arguments or wfts which are valid in K are valid in L is a normal modal logic.

Even amongst the normal modal logics, there are a great many which we have not explored
here. For a taste, here are some of the possible modal logics which we can get just from
mixing and matching the modal axioms we have already seen—namely, (D), (T), (B), (S4),
and (Ss5). Each of the systems shown below has the axioms and rules of system K, plus some
combination of the axioms (D), (T), (B), (S4), and (Ss). In the diagram, they are ordered in
terms of validity preservation, or strength.
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(T4=) S4 S5 (= 15)
T B(= TB)
D4
D4s
D DB
4 Bs
45
5
K B

The boldfaced logics are the ones we have studied. ‘D4’ is the logic that you get if you add
(D) and (S4) to the system K; ‘B5’ is the logic that you get if you add (B) and (Ss5) to K; and
so on. For each of these normal modal logics, you may get a possible worlds semantics for
the logic which is sound and complete by imposing constraints on the accessibility relation
corresponding to those axioms. So, for instance, to get a semantics for the logic 45, you
simply define a 45-frame to be a pair < YW, R > of a set of worlds and a binary relation R
which is transitive and euclidean; and a 45-model is defined in the usual way.



